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COMPLETE HYPERBOLIC NEIGHBORHOODS
IN ALMOST-COMPLEX SURFACES
R. Debalme∗, S. Ivashkovich∗,†
0. Introduction.
Our goal here is to prove that each point in an almost-complex surface has a
basis of complete hyperbolic neighborhoods. The problem is local, and therefore
we can consider the case when our surface is R4 with an arbitrary almost-complex
structure J . Throughout this paper, almost-complex structures are assumed to be
of class C1,α for some 0 < α < 1. Let C be some non-singular J-complex curve
passing through the origin.
We shall prove the following
Theorem. There exists a basis {Uj} of neighborhoods of zero in R
4, such that:
1) (Uj ,J) are complete hyperbolic in the sence of Kobayashi;
2) (Uj \C,J) are complete hyperbolic as well.
In the case when J is integrable, this result follows easily from the Pick-Schwarz
lemma. Indeed, one can choose a local holomorphic coordinate system so that
C is one of the axes, and then set Uj = ∆
2
1
j
, the bidisk of radius 1
j
. Now the
Kobayashi distance on Uj and Uj \C can be calculated explicitly and one can see
from this explicit form that it is complete, see e.g. [Ko-2], Ch.2. The utility of
complete hyperbolic neighborhoods in the theory of complex hyperbolic manifolds,
first observed by Kiernan and Kobayashi, has become standard since. The fact that
this result remains true for any almost-complex structure is somewhat suprising.
Really, given any germ of a non-singular real surface C ∋ 0 in R4, one can easily
construct an almost-complex structure J in a neighborhood of zero such that C
becomes a J-complex curve. Note also that because of the non-existence of J-
holomorphic functions for general J , the hyperbolicity of U \C for a J-complex
curve C is not evident either.
An open subset Y in an almost-comlex manifold (X,J) is called locally complete
hyperbilic (l.c.h.) if for every y ∈ Y¯ there exists a neighborhood Vy ∋ y such that
Vy ∩Y is complete hyperbolic. An example of this situation we shall have in mind
is when (X,J) is an almost-complex surface and Y = X \D, where D = ∪kDk is
a (reducible) curve with irreducible J-complex components Dk, which do not have
cusps. Our theorem insures that such a Y is l.c.h.
The following proposition is due to Zaidenberg [Za-1] in the case of complex
manifolds . Its proof goes through for almost-complex manifolds as well.
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Proposition. Let Y be a relatively compact l.c.h. open subset of an almost-
complex manifold (X,J). Y is hyperbolically imbedded into X if and only if Y does
not contain J-complex lines and admits no limiting J-complex lines.
Recall that an open subset Y of an almost-comlex manifold X is called hyper-
bolically imbedded into X if for any two sequences {xn},{yn} in Y converging to
x ∈ Y¯ and y ∈ Y¯ , respectively, one has that limn→∞kY,J(xn,yn) > 0. Here kY,J
denotes the Kobayashi pseudodistance on the manifold (Y,J). It it worth observing
that if Y is hyperbolically imbedded into (X,J) and is l.c.h. then (Y,J) is complete
hyperbolic, see [Ki]. As in the integrable case, by a J-complex line we understand
a non-constant J-holomorphic map f : C → X such that ‖dzf(
∂
∂x
)‖h 6 1 for all
z ∈ C. Here h stands for some J-Hermitian metric on X . A J-complex line f is
said to be a limiting line for Y if f(C) ⊂ ∂Y and for every radius R there exists
a sequence fRn : ∆(R)→ Y of J-holomorphic maps of the disk of radius R into Y
converging uniformly to f |∆(R).
Using the Brody reparametrization lemma we can (and we shall always) assume
that sup{‖dzf(
∂
∂x
)‖h : z ∈ C}= ‖d0f(
∂
∂x
)‖h = 1.
An immediate consequence of our theorem and this proposition is the following
Corollary 1. Let (X,J) be a compact almost-complex manifold of dimension 4.
Let D = ∪nj=1Dj be a reducible J- complex curve, each irreducible component Dj
of which is an immersed J-complex curve. Suppose that for every j = 1, . . . ,n the
curve (Dj \Sing(D),J |Dj ) is hyperbolic. Then (X\D,J) is hyperbolically imbedded
into (X,J) if and only if there is no J-complex line in X\D.
By an immersed J-complex curve we mean here the image of a J-holomorphic
map u : S → X of a compact Riemann surface S, such that du never vanishes
(i.e. , u(S) is a curve without cusps). Let us state one more corollary, which in
fact was our initial motivation for considering the existence of complete hyperbolic
neighborhoods.
Corollary 2. Let Mω,5l be the Banach manifold consisting of pairs (J,{Dj}
5
j=1),
where J is any almost-complex structure on CP2 tamed by the Fubini-Studi form ω
and {Dj}
5
j=1 the union of five J-complex lines in CP
2 in general position. The set
Hω,5l consisting of (J,{Dj}
5
j=1) with Y = (CP
2\
⋃5
j=1Dj ,J) hyperbolically imbedded
into (CP2,J) is an open nonempty subset of Mω,5l.
Nonemptyness ofHω,5l is the theorem of Bloch. Really, for the standard complex
structure on CP2 and standard complex lines D1, ...,D5 in general position the
complex manifold CP2 \D is Kobayashi hyperbolic. Therefore we obtain plenty
of examples of almost-complex hyperbolic manifolds of this type (i.e. compact
manifold minus a reducible J-complex curve).
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We are interested here in the case of almost-complex surfaces, because a generic
almost-complex structure J on a manifold of higher dimension does not possess any
J-complex hypersurface even locally.
We would like also to point out that the following convention is applied through-
out this paper (and was already used in this introduction): if we use some state-
ment or definition and refer to the original paper (where this statement/definition is
proved/formulated for the integrable case), this means that the same proof/defini-
tion goes through also in the non-integrable case and no additional discussion is
needed. The reader is supposed to look at the original paper or, if she/he prefers
to have everything in one place the book [Ko-2]
The composition of the paper is the following. In §1 we recall very briefly a few
facts from (almost)-complex hyperbolic geometry. In §2 we state the principal result
of this paper, a sort of ”gauge invariant Schwarz lemma”, and deduce theorem from
this lemma. In §3 we give the proof of this Schwarz lemma. In the last paragraph
we give the proofs of Corollaries 1 and 2 and some others results.
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1. Kobayashi hyperbolicity of almost-complex manifolds.
Let (X,J) be an almost-complex manifold. For every two sufficiently close points
p and q in X , there exsists a J-holomorphic mapping u : ∆→X such that u(0) = p
and u(a) = q, where a ∈]0,1[ (see [De], Lemma 1). This allows one to define the
Kobayashi pseudodistance kX,J on (X,J).
For every point p ∈ X and every tangent vector v ∈ TpX , there exists for
some R > 0 a (non-unique) J-holomorphic map u : ∆(R) → X with u(0) = p
and d0u(
∂
∂x
) = v. It is therefore possible to introduce the Royden infinitesimal
pseudonorm and prove that the integral pseudometric generated by this pseudonorm
coincides with the Kobayashi pseudometric. In the case when this pseudometric
is actually a metric (i.e. (X,J) is Kobayashi hyperbolic), this metric induces the
given topology on X (by a theorem of Barth [Bt], see also [Kr]).
If (X,J) is not hyperbolic then the result of Brody [Br] states that
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sup{‖d0f(∂/∂x)‖h : f ∈ OJ (∆;X)}=∞, (1.1)
where OJ (∆;X) denotes the space of J-holomorphic maps from the unit disk ∆ to
X , and h is a J-Hermitian metric on X .
The proof of the following fundamental result, known as Brody’s reparametriza-
tion lemma, does not uses the integrability of J . Let (X,J) be an almost-complex
manifold. Let f : ∆(R) → X be a J-holomorphic map with ‖d0f(
∂
∂x
)‖ ≥ c > 0.
Then there exists a J-holomorphic map f˜ : ∆(R)→X such that
sup z∈∆(R)‖dz f˜(∂/∂x)‖h
[R2−|z|2
R2
]
=
∣∣|d0f˜(∂/∂x)‖= c. (1.2)
A combination of (1.1) and (1.2) implies that a compact almost-complex manifold
(X,J) is not Kobayashi hyperbolic if and only if it contains a J-complex line, see
[De] or [KrOv] for more details.
2. Local complete hyperbolicity in (R4,J).
We are going to construct a basis of complete hyperbolic neighborhoods of the
origin in (R4,J), where J is an arbitrary almost-complex structure of class C1,α,
0< α < 1.
There exists a local coordinate system (z1, z2) in a neighbourhood of 0 such that
our almost-complex structure in these coordinates has the form
J(z1, z2) =
(
A(z1, z2) 0
0 B(z1, z2)
)
,
and J(0) = Jst, the standard structure of C
2. If moreover, a non-singular J-complex
curve C ∋ 0 is given, we can arrange that in this coordinate system C is defined by
z1 = 0, see [Sk].
Consider the structure Jε(z1, z2) := J(εz1, εz2). All we need to prove is that, for
ε small enough, the unit bidisk ∆2 := {(z1, z2) : |z1|< 1, |z2|< 1} and ∆
2 \{z1 = 0}
are complete hyperbolic with respect to Jε. Denote by z = x+ iy the coordinate
on ∆. Let f = (u,v) ∈ OJ (∆,∆
2). The Cauchy-Riemann equation for the first
component is
∂u
∂x
+A(u(z), v(z))
∂u
∂y
= 0,
where A(u(z), v(z)) is a 2x2 real matrix. An obvious transformation gives
∂u
∂z¯
+(1−Ai)−1(1+Ai)
∂u
∂z
= 0.
Denote qA(z1, z2) := −[1−A(z1, z2) ◦Jst]
−1[1+A(z1, z2) ◦Jst]. For z,u,v fixed,
qA(z,v,u) is an R-linear operator. Let us decompose it into C-linear and C-
antilinear part qA(z,v,u) = µ
1(z,v,u)+µ2(z,v,u) ◦ σ, where σ is the conjugation
operator. Then the Cauchy-Riemann equation for the first component becomes
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∂u
∂z¯
−µ1(z,v,u)
∂u
∂z
−µ2(z,v,u)
∂u
∂z
= 0. (2.1)
The second function v will be considered as a parameter. For functions, tensors
etc. defined on the open subset W ⊂ RN , by the Ck(W )-norm of an object T we
shall mean ‖T‖Ck(W ) :=
∑k
r=0 sup{‖D
r(T (x)‖ : x ∈W}.
The following Schwarz-type lemma due to Gromov gives us a C1-bound on the
parameter v.
Lemma 2.1. If J is sufficiently close to Jst in C
1-sense on ∆2, then there exists
a constant C = C(‖J−Jst‖C1(∆2)) such that every J-holomorphic map f : ∆→∆
2
satisfies
‖df(0)‖6 C. (2.2)
Therefore there exists (another) C such that for every J-holomorphic f = (u,v) :
∆→ ∆2 we have that ‖u‖C1(∆( 1
2
)) and ‖v‖C1(∆( 1
2
)) are bounded by C. Rescaling
by z→ 12z we can suppose that this bound holds everywhere on ∆. Because of the
local character of our considerations we can use the standard Euclidean norm ‖ · ‖
in all estimates like (2.2).
Suppose a relatively compact domainD ⊂ C is given. Fix some universal covering
map pi : ∆→ D. Suppose µ1,µ2 ∈ C1(R6) are given and have finite (in the sequel
sufficiently small) C1(R6)-norm. Let us consider the generalized Beltrami equation
(2.1) for C1-mappings u : ∆ → D. We suppose that the C1(R2)- norm of the
parameter v is bounded by some C. Further, for a C1-map u : ∆ → D denote
by upi any single-valued branch of pi
−1 ◦ u. Denote by λ the coordinate on the
universal cover ∆. Let also ϕa(λ) =
a−λ
1−a¯λ be the authomorphism of the unit disk
interchanging a ∈∆ with the origin. Equation (2.1) rewrites for ua,pi := ϕa ◦upi as
∂ua,pi
∂z¯
−µ1pi(z,v,a,ua,pi)
∂ua,pi
∂z
−µ2pi(z,v,a,ua,pi)(
∂ua,pi
∂z
) = 0, (2.3)
where µ1pi(z,v,a,ua,pi) = µ
1(z,v,(pi ◦ϕa)(ua,pi)) and µ
2
pi(z,v,a,ua,pi) = µ
2(z,v,(pi ◦
ϕa)(ua,pi) ·
(
∂(pi◦ϕa)
∂λ
·
[
∂(pi◦ϕa)
∂λ
]−1)
.
In the next paragraph we shall prove the following Schwarz-type lemma:
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Lemma 2.2. There exists an ε= ε(pi,C)> 0 and a constant K =K(pi,C,ε)<∞,
such that for every C1-solution w : ∆→∆ of (2.3) with coefficients and parameters
satisfying ‖µ1,2‖C1(R6)) < ε, ‖v‖C1(∆) < C and such that w(0) = 0, we have the
following estimate
‖dw(0)‖6K. (2.4)
.
Remark. 1. When one proves the statement, which is now called the Schwarz-
Pick lemma for holomorphic mappings u : ∆→∆, one proves in fact two statemets.
Firstly, the Schwarz lemma, which gives the universal bound for the absolute value
of the derivative of u provided u(0) = 0, i.e. , one obtains |du(0)| 6 1. Second,
using ”the gauge invariance” of the homogeneous Cauchy-Riemann equation with
respect to the ”gauge group” G := AutHol(∆), one obtains the ”gauge invariant”
form of this statement:
|du(0)|
1−|u(0)|2
6 1, (2.5)
which means exactly the completeness of Kobayashi metric on the unit disk.
The generalized Cauchy-Riemann (or Beltrami) equation (2.1) has no symmetries
except for very special µ’s. Therefore, instead of considering only one equation we
”symmetrize” the problem and consider the whole family of equations (2.3) with
a parameter ϕa ∈ G, our gage group. Uniform estimate (2.4) of the derivative at
zero allows us to make the same conclusions as for the standard Cauchy-Riemann
equation, because the problem is now ”enforced” with nessessary symmetries.
2. However the price for this is that the coefficients of (2.4) are no longer bounded
in any Sobolev or Ho¨lder space as the parameter a → ∂∆. They are bounded in
the sup -norm only, and this is clearly not sufficient to bound the derivative at zero.
The trick is (see Step 1 of the proof in the next paragraph) that there is an a priori
bound for the solutions w of (2.4) satisfying w(0) = 0 in the Ho¨lder norm on a
neighborhood of zero. This allows us to control the Ho¨lder norm of the coefficients
and apply elliptic bootstrap one more time (see Step 2).
Corollary 2.3. For J sufficiently C1-close to Jst, the open set (∆
2,J) is complete
hyperbolic.
Proof. As we have already explained, by taking J close to Jst we can bound the
components (u,v) of a J-holomorphic map f : ∆ → ∆2 using Gromov’s lemma.
The explicit form of qA and consequently of µ
1,2 shows that, again by taking J
close to Jst, we can ensure that ‖µ
1,2‖C1 < ε for the ε from Lemma 2.2 applied
to the identity covering pi = Id : ∆ → ∆. Let u(0) = a. Applying Lemma 2.2 to
w = ϕa ◦u, we obtain that ‖dw(0)‖ ≤K, where K does not depend on w.
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But dw(0) = 1|a|2−1 · du(0) and therefore, for every solution u : ∆ 7→ ∆ of (2.1)
such that u(0) = a, one has 1||du(0)|| ≥
1
K(1−|a|2) . This means that, for every vector
(ξ,0) in T(a,b)∆
2, we have k∆2,J ((a,b),(ξ,0)) ≥
C1|ξ|
1−|a|2
, by the definition of the
Kobayashi-Royden pseudometric.
The same considerations apply, of course, to the second component of (u,v).
This implies that k∆2,J((a,b),(0,η))≥
C2|η|
1−|b|2 . Therefore,
k∆2,J((a,b),(ξ,η))≥max(
C1|ξ|
1−|a|2
,
C2|η|
1−|b|2
), (2.6)
which gives us the desired conclusion.

Corollary 2.4. For J sufficiently C1-close to Jst on the whole bidisk ∆
2, the open
set (∆2 \ ({0}×∆),J) is complete hyperbolic.
Proof. Let us apply Lemma 2.2 to the universal covering pi : ∆→ ∆∗ = D given
by pi(λ) = expλ−1
λ+1 . For a solution u : ∆→ ∆
∗ of (2.1), set a = u(0) and b = ln(a)
with imaginary part Im(b) ∈ [−pi,pi[. Let also c = b+11−b ∈ ∆. Therefore c is one of
the preimages of a under the covering map pi. Take the single-valued branch upi of
pi−1 ◦u such that upi(0) = c, and consider w = ϕc ◦upi, a solution of (2.3). Lemma
2.2 gives us that ‖dw(0)‖ 6 K, where K does not depend on anything involved.
But direct computation shows that
dw(0) =
|c|2−1
(1−|c|2)2
2
(1+ b)2
du(0)
a
=
1
|c|2−1
·
2
(1+ b)2
du(0)
a
.
Therefore
dw(0) =
1
| 1+lna1−lna |
2−1
2
(1+ lna)2
du(0)
a
,
and hence
1
|du(0)|
≥K1
1
|a| ln 1|a|
for a close to zero. By the definition of the Kobayashi-Royden pseudometric, for
every vector (ξ,0) in T(a,b)(∆
2 \∆∗), we have
k∆2\∆∗,J ((a,b),(ξ,0))≥K1
1
|a| ln 1
|a|
(2.7)
for a close to zero, and therefore, k∆2\∆∗,J((a,b),(ξ,η)) = ©(
1
|a| ln 1
|a|
)
√
ξ2+η2.
The consequence is that every path leading to 0 has infinite length, which proves
the corollary.

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§3. Proof of the Schwarz-type lemma.
Proof. Suppose that the conclusion of the lemma is not true. Let (hn) be
a sequence of mappings hn : ∆ 7→ ∆,hn(0) = 0, solutions of (2.3), such that
|dhn(0)| → ∞. For each n, denote by vn the corresponding functional parameter
and by an the corresponding parameter in ∆.
Step 1. There exists δ > 0 and n0 such that, for n > n0 hn ∈ C
0, 1
2 (∆δ,∆ 1
2
) and
{hn}n>n0 is a bounded set in this space.
Consider a test function ρ which is C∞ and such that ρ ≡ 1 on ∆ 3
4
and ρ ≡ 0
outside ∆, and denote hρn = ρhn. The equation (2.3) for hn, written in terms of h
ρ
n,
gives
∂hρn
∂z¯
−µ1v,an(z,hn)
∂hρn
∂z
−µ2v,an(z,hn)(
∂hρn
∂z
) = hn
∂ρ
∂z¯
−hnµ
1
v,a(z,hn)
∂ρ
∂z
−
−h¯nµ
2
v,a(z,hn)(
∂ρ
∂z
). (3.1)
Consider the Cauchy-Green operator TCG : L
4(∆) → L1,4(∆) and the Calderon-
Zygmund operator TCZ : L
4(∆)→ L4(∆), defined respectively as
TCGg(z) :=
1
2ipi
∫ ∫
∆
g(ζ)
ζ−z
dζ ∧dζ¯,
and
TCZg(z) := p.v.
1
2ipi
∫ ∫
∆
g(ζ)
(ζ−z)2
dζ ∧dζ¯.
TCG and TCZ are bounded linear operators in Sobolev and Ho¨lder spaces. Let
us denote by Ck,p the norm of TCG : L
k,p(∆)→ Lk+1,p(∆) and by Ck,α the norm
of TCG : C
k,α → Ck+1,α. By Ak,p and Ak,α we denote the similar constants for
TCZ : L
k,p → Lk,p and TCZ : C
k,α → Ck,α. Here always k > 0,1 < p < ∞ and
0< α < 1.
We know that ∂¯ ◦TCG = Id and that TCZ = ∂ ◦ TCG. We also know that on
the closure in L1,2 of the space of compactly supported C∞ maps, TCZ ◦ ∂¯ = ∂ and
TCG ◦ ∂¯ = Id. We remark that the h
ρ
n are in this space. Set g1 =
∂ρ
∂z¯
−µ1v,a(z,hn)
∂ρ
∂z
and g2 =−µ
2
v,a(z,hn)(
∂ρ
∂z
). The equation (3.1) can be written as
[Id−µ1v,a(.,hn)◦TCZ−µ
2
v,a(.,hn)◦σ ◦TCZ ]
∂
∂z¯
hρn = hng1+hng2. (3.2)
We remark that hng1+ hng2 is a bounded sequence in L
4(∆,R2). Indeed, hn
takes its values in ∆ and g1 and g2 are bounded. Since ||TCZ ||L4 is bounded, and
as µ1 and µ2 are as small as we want, this operator is invertible. Therefore,
Version of 20.11. COMPLETE HYPERBOLIC NEIGHBORHOODS 9
∂
∂z¯
hρn = [Id−µ
1
v,a(.,hn)◦TCZ −µ
2
v,a(.,hn)◦σ ◦TCZ ]
−1(hng1+hng2),
and hence
hρn = TCG
(
[Id−µ1v,a(.,hn)◦TCZ−µ
2
v,a(.,hn)◦σ ◦TCZ ]
−1(hng1+hng2)
)
. (3.3)
Thus (hρn) is a bounded sequence in L
1,4(∆,∆). By Sobolev imbedding L1,p ⊂
C0,α=
2
p , our sequence (hρn) is bounded in C
0, 1
2 . Therefore, (hρn) is a bounded
and equicontinuous family of mappings on compacts in ∆. From the theorem of
Ascoli we deduce that it is compact, and extract from it a converging subsequence.
Therefore, (hn) converges uniformly on ∆ 3
4
to a mapping h : ∆ 3
4
→ ∆ such that
h(0) = 0. There exists δ such that h(∆δ) ⊂ ∆ 1
2
and consequently hn(∆δ) ⊂ ∆ 1
2
for n big enough. Therefore hn is bounded in C
0, 1
2 (∆δ,∆ 1
2
) starting from some
n >> 1.
Step 2. There exists n1 such that hn ∈ C
1, 1
2 (∆ δ
2
) for n > n1 and {hn}n>n0 is a
bounded set in this space.
Parameters vn are bounded in C
1(∆), and hn ∈ C
0, 1
2 (∆δ,∆ 1
2
). Therefore
µ1v,an(z,hn) and µ
2
v,an
(z,hn) are bounded in C
0, 1
2 (∆δ). Put fn(z) := hn(δz). This
is a bounded sequence in C0,
1
2 (∆,∆). All we need to prove is that {fn} is bounded
in C1,
1
2 (∆ 1
2
). We see that fn satisfy
∂fn
∂z¯
−µ1vn,an(z,fn(z))
∂fn
∂z
−µ2vn,an(z,fn)(
∂fn
∂z
) = 0. (3.4)
with µ1vn,an(z,fn) and µ
2
vn,an
(z,fn) uniformly bounded in C
0, 1
2 (∆,∆). We can
repeat now the reasonings from Step 1 applied to fn instead of hn and arrive at
equation (3.2) but considered in Ho¨lder spaces. In this way we get the boundedness
of fn in C
1, 1
2 (∆ 1
2
). Contradiction.

4. Corollaries.
We shall prove Corollaries 1 and 2 from the Introduction first . The crucial
point in the proof is the following statement about the positivity of intersections of
J-complex curves due to [M-W].
Theorem. Let ui : ∆→ (R
4,J), i = 1,2 be two primitive distinct J-complex disks
such that u1(0) = u2(0) = 0. Set Mi := ui(∆). Let Q=M1∩M2 be the intersection
set of the disks. If J is C1-smooth, then the following is true:
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i) The set {(z1, z2) ∈ ∆×∆ : u1(z1) = u2(z2)} is a discrete subset of ∆×∆.
In particular, u1(∆)∩u2(∆) is a countable set. If moreover u1(∂∆)∩u2(∂∆) = ∅
then u1(∆)∩u2(∆) is finite.
ii) The intersection index δp of M1 and M2 at any such point p ∈ Q is strictly
positive. Moreover, if µ1 and µ2 are the multiplicities of u1 and u2 in z1 and z2,
respectively, with u1(z1) = u2(z2) = p, then the intersection number δp at p= uj(sj)
is at least µ1 ·µ2;
iii) δp = 1 iff M1 and M2 intersect at p transversally.
For a proof see Theorems 7.1 and 7.3 in [M-W], or Theorem 3.5.1 in [I-S].
We shall need the following topological description of the total intersection num-
ber δ =
∑
p∈Q δp of M1 and M2.
Take a sphere Sr of radius r around the origin, which bounds the ball Br. Then,
for r small enough, the intersections Mi∩Sr are transversal, and moreover, since Q
is at most countable, we can find r > 0 as small as we wish with γr1∩γ
r
2 =∅, where
γri =Mi∩Sr. Moreover, γ
r
i will be transversal to the distribution Fr of J-complex
tangent planes to Sr, see Lemma A2.1.1 in [I-S]. Let l(γ
r
1 ,γ
r
2) denote the linking
number of the curves γr1 and γ
r
2 . A standard lemma from topology (see e.g. [Rf])
says now that
l(γr1 ,γ
r
2) =
∑
p∈Q∩Br
δp. (4.1)
The positivity of intersections of J-complex curves implies that if M1 and M2
do intersect at zero, then this linking number is not zero (and is positive).
Proof of Corollary 1. All we need to check is that Y =X \D does not admit a
limiting J-complex line. Let u : C→D be a limiting J-complex line for Y =X \D
and let u(C) ⊂ D1 for definitivity. u(C) cannot be contained in D1 \ Sing(D),
because this curve is assumed to be hyperbolic. Therefore there exists z0 ∈ C such
that p := u(z0) ∈D1∩Sing(D). Take as M1 the piece of D1 which containing the
image of the germ of u at z0 and as M2 a germ of any other branch of some Di
passing through p.
Chose a sphere Sr as above. Take some R such that ∆(R) ⊃ u
−1(M1). Let
un : ∆(R) → Y be J-holomorphic mapping approaching uniformly to u. Then
for n >> 1 the linking number l(γn,γ
r
2) is the same as l(γ
r
1 ,γ
r
2). Here γn is an
appropriate component of un(∆(R))∩Sr. The positivity of l(γ
r
1 ,γ
r
2) implies now
the positivity of l(γn,γ
r
2) for n large enough. This contradicts the definition of a
limiting line, i.e. , un(C) should not intersect D.

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Proof of Corollary 2. This is rather similar to the previous one. Suppose we can
find a sequence ({D
(k)
i }
5
i=1,Jk) in Mω,5l, such that Yk = (CP
2\D(k),Jk) are not hy-
perbolic and converge to ({Di}
5
i=1,J) in Mω,5l, such that Y = (CP
2\D,J) is hyper-
bolic. Take Jk and J-Hermitian metrics ω(·,Jk·) and ω(·,J ·) on CP
2. By Corollary
1 there exist Jk-complex line uk : C→ Yk. Gradients of uk are uniformly bounded
and therefore some subsequence, stil denoted by uk, converges uniformly on com-
pacts in C. All topologies on the space of holomorphic mappings are equivalent (see
e.g. Corollary 3.2.2 from [I-S]) and therefore uk converge to some J-holomorphic
u : C→ CP2 in the C1-sense. Since ‖du(0)‖h = limk→∞ ‖duk(0)‖hk =
1
2
, the map u
is a J-complex line. u(C) cannot be contained in Y because of the hyperbolicity of
the latter. So u(C)∩D 6=∅.
Considerations similar to that from the proof of Corollary 1 show that in this
case uk(C)∩D
(k) 6=∅ for k >> 1. Contradiction.

A similar proof yields one more corollary. Denote by Mω,d the Banach manifold
of pairs (J,D), where J is an ω-tamed a.-c. structure on CP2 and D is some
irreducible J-complex curve of degree d in CP2. Denote by Hω,d the subset of
(J,D) ∈Mω,d such that (CP
2 \D,J) is hyperbolically imbedded into (CP2,J).
Corollary 4.1. The set Hω,d is a nonempty open subset of Mω,d, provided d> 5.
Hω,d is not empty by the result of Zaidenberg [Za-2], which asserts that there
exists an open set in the manifold of algebraic curves of degree d > 5 in CP2 such
that CP2 \D is hyperbolically imbedded into CP2 for every curve D from this set .
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